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Abstract. Suppose M is a non-compact connected n-manifold without boundary, D{M) is the group of 

C°°-diffeoinorphisins of M endowed with the Whitney C°°-topology and 'VoiM) is the identity connected 

component of T>{M), which is an open subgroup in the group Vc(M) C I>{M) of compactly supported 

(«_^ ' diffeomorphisms of M. It is shown that 'Dc{M) is homeomorphic to A'' x R°° for an Z2-manifold A*' 

Cn \ whose topological type is uniquely determined by the homotopy type of T>q{M). For instance, ^^{M) is 

^.^i homeomorphic to I2 x R°° if n = 1, 2 or n = 3 and M is orientable and irreducible. 

Si 

1. Introduction 

This paper is a continuation of the study of topological types of diffeomorphism groups of non- 
L_( , compact smooth manifolds endowed with the Whitney C°°-topology. Suppose M is a u-compact smooth 
r •n \ n-manifold without boundary. Let T){M) denote the group of diffeomorphisms of M endowed with the 
Whitney C°°-topology (= the very-strong C°°-topology in [15]) and Vq{M) the identity connected com- 
ponent of T>{M). The group T>{M) includes the normal subgroup T>c{M) consisting of diffeomorphisms 
with compact support. 

In [21 Theorem 4, Theorem 6.8] we have shown that Vc{M) is an {I2 x M°°)-manifold and Vq{M) is 
an open subgroup of T>c{M). Here I2 is the separable Hilbert space and M°° is the direct limit of the 
sequence (M")^^^^, where M" is identified with the hyperspace M" x {0} in M"^"^. 

In a series of papers [HISllG] T. Banakh and D. Repovs studied topological properties of direct limits 

in the categories of uniform spaces. These results were applied in [1] to yield a simple criterion for 

t^^ ■ recognizing topological groups homeomorphic to open subspaces of I2 x R°° (see Theorem [2] in Section 

2). 
VO ' In this paper we apply the above criterion to obtain the following important conclusion on the group 

o : v^{M). 

Theorem 1. For any non-compact a-compact smooth n-manifold without boundary the group T>c{M) 
is homeom,orphic to an open subspace of I2 x R°°. 

/\ • In [20] K. Mine and K. Sakai obtained the triangulation theorem of open subsets of I2 x M.°° (see 

Theorem [3] in Section 2). This means that any open subset U of I2 x M°° is homeomorphic to A^ x R°° 
for some /2-nianifold N whose topological type is uniquely determined by the homotopy type of U. 
Thus we obtain the following conclusion of the group Vq (M) . 

Corollary 1. The group ^^{Al) is homeomorphic to N x M°° for some l2-manifold N whose topological 
type is uniquely determined by the homotopy type ofT>Q{M). 

In some specific cases we can detect the homotopy type of T>q{M). 

Corollary 2. Let M be a non-compact connected smooth n-manifold without boundary. 

(1) // 1 < n < 2, then Vq{M) « /a x M°°. 

(2) If n = 3 and the manifold M is orientable and irreducible (i.e., any smooth 2-sphere in M 
bounds a S-ball in M), then Vq{M) ^hxW^. 

(3) If M is the interior IntX = X\dX of a compact connected smooth n-manifold X with boundary, 
then 

Vq{M) ^ Vo{X, dX) X M°°. 
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In particular, if'D{)[X,dX) is contractible, then 'D(){M) ~ /2 x ^°°- 

For example, if M is the 3-dimensional Euclidean space M^ or the Whitehead contractible 3-nianifold 
dU, then Vo{M) pa ^2 x ]R°°. 

2. Open subspaces of LF-spaces 

In this preliminary section we recall the criterion for recognizing topological groups homeomorphic to 
open subsets of I2 x M°°. First we recall some necessary definitions. Below a Polish space means a sep- 
arable completely metrizable space; a Polish group is a topological group whose underlying topological 
space is Polish. 

A subgroup H oi a topological group G is called locally topologically complemented (LTC) in G if -ff 
is closed in G and the quotient map q : G ^ G/H = {xH : x £ G} is a locally trivial bundle. This 
condition is equivalent to saying that q has a local section at some point of G/H. Here, a local section 
of a map g : X — )• y at a point y ^Y means a continuous map s : U ^ X defined on a neighborhood 
L'^ of y in y such that qo s = idu- 

Following |lj, we say that a topological group G carries the strong topology with respect to a tower 
of subgroups 

Go C Gi C G2 C ■ ■ • 
if G = UnGoj ^n ^^^ ^^'^ ^'^y neighborhood C/„ of the neutral element e in G„, n £ uj, the group product 



ltUn=\JUoUi--- Un 



is a neighborhood of e in G. In this case the topology of G coincides with the topology of the direct 
limit g-limGn of the tower (G„)nGw in the category of topological groups, which means that G carries 
the strongest group topology such that the idenity maps Gn -^ G, n & u, are continuous. 
The following criterion is obtained in [T, Theorem 11]. 

Theorem 2 (Banakh-Mine-Repovs-Sakai-Yagasaki). A non-metrizable topological group G is homeo- 
morphic to an open subset o/M°° or I2 x]R°° ifG carries the strong topology with respect to an LTC-tower 
of Polish ANR-groups {Gn)neuj- 

Open subspaces of I2 x M°° were studied in [20^ [21] and the following Triangulation Theorem was 
obtained. 

Theorem 3 (Mine-Sakai). (1) Each open subspace X of I2 ^ M°° is homeomorphic to the product 
K X I2 X M°° for a locally finite simplicial complex K . 

(2) Two open subspaces 0//2 xM°° are homeomorphic if and only if they are homotopically equivalent. 

Note that the product A^ = i^ x /2 is an /2-nianifold and its topological type is determined by its 
homotopy type. 

3. Diffeomorphism groups of non-compact manifolds 

Suppose M is a non-compact cr-compact smooth n-manifold without boundary. We can represent 
M as the countable union M = Uigcj -^i ^^ compact n-submanifold Mi C M, i £ to, such that Mi C 
IntMj_|_i. Let M_i = and consider the n-submanifolds Ki = M \ IntMj, i € w, of M and closed 
subgroups V{M]Ki) = {/i G T>{M) : h\Ki = id/r,} of the diffeomorphism group V{M) endowed with 
the Whitney G°°-topology, see [iSj. Thus we obtain the group G = T>c{M) and the tower {Gi)i^^ of 
closed subgroups Gj = V{M;Ki) of G. 

The small box product \I\ii=i^Gi is defined by 

^ieujGi = {{xi)i<z^ e Oitz^Gi -.Bkeuj'iiyk, Xi = e}. 

This space is endowed with the box topology generated by the base consisting of boxes E]jg^[/j, where 
Ui is an open set of Gj. The left multiplication map 

IT : Bje^Gj -> G, 7r(j;o, . . . ,Xk,e,e, . . .) = xq ■ xi- ■ ■ Xk 
is continuous (O Lemma 2.10]). 



We shall show that the tower {Gi)i<^i^ has the properties listed in Lemma [T] below. Hence, Theorem [T] 
now follows from Theorem [2j 

Lemma 1. (1) G = IJje<^ ^« ^'^'^ ^^^ group G is not metrizable. 

(2) Gi is a separable l2-manifold for each i ^uj. 

(3) Gi is TLC in Gj+i for each i G cj. 

(4) The left multiplication map vr : Eljg^Gj — )■ G admits a local section at any points. Hence, the 
map vr is an open map and the group G carries the strong topology with respect to the sequence 
Gi {ieu). 

(5) G = g-lh^Gi. 

(6) Let H and Hi (i S uj) denote the identity connected components of G andGi {i G a;) respectively. 
Then H is an open subgroup of G and the sequence Hi (i G uj) of closed subgroups of H also 
have the above properties (1) ~ (5). 

Proof. The statement (1) easily follows from the definitions of G and Gi themselves. The statement (4) 
follows directly from [2l, Proposition 5.5 (2)]. (The proof of Theorem 6.8 in [2] assures that Proposition 
5.5 can be applied to this setting.) The statement (5) now follows from (4) and [H Proposition 1]. 

(2) Since M — Inti^j = Mi is compact, the group Gi is an infinite-dimensional separable Frechet 
manifold (cf. [lO], [l9]). 

(3) The assertion follows directly from the bundle theorem. Theorem U explained below. 

(6) Since Hi is an open subgroup of Gi for each i € cj, it suffices to show that H = Ui^^Hi. The 
group H is path-connected, since it is the identity connected component of G and the latter is locally 
path-connected by (2) and (4). Hence any h € H can be joined to idM by an arc A in H. By f2l 
Proposition 3.3] the compact subset A lies in G„ for some n € w. This means that h £ Hn. D 

For an n-submanifold L of M and a subset if C L let SxiL, M) denote the space of C°°-embeddings 
f : L ^ M with f\K = idx endowed with the compact-open C°°-topology. There is a natural restriction 
map 

r:V{M,K)^6K{L,M), r{h) = h\L. 

The following is the classical bundle theorem in codimension (cf. [7], [10], [22], 



Theorem 4. Suppose K, L are n-submanifolds of M which are closed subsets of M , K C IntL and 
c\m{L \ K) is compact. Then, for any closed subset C of M with G (1 L = 0, the restriction map 
r : T>{M,K) — > £k{L,M) has a local section 

s:U^ Vo{M, KUG)C V{M, K) 

at the inclusion i^ : L C M such that s{iL) = idAf . 

For the proof of Corollary [2] we need a preliminary. For any pairs of spaces {X, A) and (Y, B) let 
\X, A; Y, B] denote the set of homotopy classes of maps of pairs. Any map of pairs / : {Y, B) —^ (Z, C) 
induces a function 

f# : [X,A;Y,B] ^ [X,A;Z,G], f# : [g] ^ [fg]. 

Suppose L is a compact space and if is a closed subset of L. The inclusion maps Hi C iij+i and 
Hi C H {i £ oj) induce the associated functions between pointed sets: 

[L,K;Hi,idM] [L,if;ii,+i,idM] 



[L,if;ii,idA/] 
Taking the direct limit, we obtain a function between pointed sets 

L : lir^ [L, K; Hi,idM] — > [L, K; H, idAf]- 
Since any compact subset of H is included in some Hi, we have the following conclusion. 
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Lemma 2. For any pair of compact spaces {L, K) the inclusion induced function 

i : lii^ [L, K; Hi, 'kIm] — > [L, K; H, idAf ] 

is a bijection. 

For m = 0, 1, • • • , oo, a map f : X —?■ Y between path-connected spaces is called an m-equivalence if 
for some base point x G X, the induced homomorphism on the A:-th homotopy group 

/# :Trk{X,x) -^TTkiYJix)) 

is an isomorphism for k = 0,1,- ■ ■ ,m — 1 and an epimorphism for k = m. An oo-equi valence is called 
a weak equivalence. If both X and Y have the homotopy type of CW-complexes, then every weak 
equivalence is a homotopy equivalence. Note that the groups H and Hi (i G oj) are path-connected and 
have the homotopy type of CW-complexes. 

Corollary 3. For m = 0, 1, • • • , oo, if each inclusion Hi C i?i+i is an m-equivalence, then so is the 
inclusion Hi C H. For example, each Hi is contractible, then so is H and hence H ^ I2 x M°°. 

Proof of Corollary [2l We keep the notations Mi, Ki, Hi {i G a;) and H. 

(1), (2) Since M is connected, we may assume that for each i G a; (a) Mi is connected and (b) each 
connected component oi Ki = M \ IntMj is non-compact. By Corollary [3] it suffices to show that each 
Hi is contractible. Note that the inclusion Hi C T)Q{Mi,dMi) is a homotopy equivalence. 

For n = 1,2 the assertion follows from ^, [I8l Section 2.7], t23j, L25j, etc. In the case n = 3, if Mi 
is a 3-ball, then 'DQ{Mi,dMi) is contractible by the Smale conjecture [I2l Appendix (1)]. If Mi is not 
a 3-ball, then by the assumption, Mi is an orientable Haken 3-manifold with boundary [14^ [26] and 
Vo{Mi,dMi) is contractible by [U], [16], [17]. 

(3) Take a collar dX x [0, 1] of dX = dX y. {0} in X and let Mi = X \ {dX x [0, l/i)) and 
Ki = M — IntMj = dX x (0, l/i] {i G N). First we shall show that the inclusion Hi C -ffj+i is a 
homotopy equivalence. Consider the restriction map vr : i/j+i — )• fi^._|_^(-fCj,M). Since £Ki+i{Ki,M) is 
the space of embeddings of the collar Ki relative to -fCj+i, it is seen that fi^.^^(i^j,M) is contractible. 
Since £Ki+x {Ki,M) is path-connected, from TheoremSJit follows that the map vr is onto and is a principal 
bundle with the structure group i/j+i fl Gj. Since Sxi+iiKi, M) is contractible and paracompact, this 
bundle is trivial and -ffj+i w £'^.^^(i('j,M) x (i^i+i fl Gi). Since -ffj+i is path-connected, it follows that 
Hi = -ffj+i n Gi and the inclusion Hi C -ffj+i is a homotopy equivalence. 

From Corollary [3] it follows that f/' ~ f/'i ~ 'Do{Mi,dMi) w 'Do(X, 9-^^). Since the last one is an 
/2-manifold, we have H ^ Vq{X, dX) x R°° by Corollary [H D 
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